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Abstract

Transient heat convection on a vertical plate has been interpreted both theoretically and experimentally, in terms of

a variable heat transfer coefficient, by several authors. Few results concern the case were air is the fluid. Joule heating of

a very thin vertical graphite foil has been tested experimentally here. Two different methods of inversion have been

studied for estimating the local or global transfer coefficient, starting from infrared camera measurements. The second

method has been able to provide the convective contribution to the measured global transfer coefficient. Experimental

results with different levels of heating show that the early transfer coefficient decrease proportionally (in time t) to t�1,

and not to t�1=2 as the early times conduction theory would anticipate. Other effects than those already presented in the

literature remain to be investigated, in order to explain the discrepancy of this theory for air.

Relaxation experiments show that enhancement of the wall/air exchange by a mastering of the transient heating of

the whole wall seems to be quite difficult to obtain � 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The definition of the natural or forced convection

heat transfer coefficient is strongly linked to the notion

of steady state regime where heat transfer correlations

based on a dimensional analysis can be defined. In many

practical situations, such as electronic circuits cooling

or heat exchangers, the characterization of the transient

behaviour of the wall/fluid heat exchange is of prime

importance, either to model the thermal system or to

improve (or to reduce) the heat fluxes. The use of steady

state heat transfer coefficients is generally extended to

conditions where both the wall temperature and the

temperature outside the boundary layer vary slowly with

time. In these ‘quasi steady’ situations the heat capacity

of the boundary layer is low enough to justify this kind

of assumption. If however fast regimes are considered,

such as natural convection caused by a step heating of a

semi infinite vertical wall, this notion of proportionality

between the instantaneous wall heat flux density and the

temperature difference between wall and outside fluid at

the same time loses its intrinsic character: in this type

of thermal regime, the wall heat flux does not depend on

this instantaneous temperature difference, but also on

the history of this difference since the time an initial

temperature disequilibrium has been set.

Such situations have been studied first by Siegel [1]:

he investigated analytically the boundary layer growth

when a semi-infinite vertical plate was subjected to a step

heating (uniform imposed temperature or heat flux

density). Three types of regimes were described: for short

times t or points far from the leading edge (large x), the

local heat transfer coefficient h is produced by purely

one-directional heat condition in the direction perpen-

dicular to the plate (no height dependance of h : h ¼
hðtÞ). For long times, a steady state regime appears:

h ¼ hðxÞ. For intermediate times or heights, this coeffi-

cient depends both on time and space: h ¼ hðt; xÞ. Gold-

stein and Eckert [2] validated experimentally this analysis

for uniform imposed flux conditions in water using a
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Nomenclature

A matrix

Bi Biot number of the foil (¼ he=k)
D copper bar thickness

E copper bar width

Esw incident radiation in the short wave band

H foil height

K1 temperature derivative of the calibration law

of the camera

Ksw calibration constant

K constant of the coupled conductive model

(¼ bair=qce)
L foil half width

L0 half width of the measured area of the foil

M convolution matrix

N number of harmonics at truncation

Ra Rayleigh number ð¼ ðgL4 q1Þ=ðTmkair �
aairmairÞÞ

R0 electrical resistance of the shunt

S matrix

T local temperature

Ty average foil temperature in the thickness (y)

direction

Tyz average foil temperature in the thickness (y)

and width (z) directions

Txyz average temperature of the foil ð¼ �TT Þ
�TT same definition as Txyz
�TT� column vector of the normalized tempera-

tures �TT �ðtiÞ
T0 constant temperature

Tm film temperature (�C)
V electrical tension

Vp potential difference of the foil

Vs potential difference of the shunt

V o response of the camera to a blackbody emit-

ting surface

DV variation of the camera’s signal

V column vector of the signal Vi at different

times ti
X0 sensitivity matrix for the net average flux

density entering the foil

Xn sensitivity matrix for the nth harmonic of the

flux density at different times

a thermal diffusivity of the foil

aair thermal diffusivity of air

bair thermal effusivity of air

c specific heat of the foil

e thickness of the foil

g gravity

h heat transfer coefficient

ht time part of hðt; xÞ – see Eq. (17a)

hx space part of hðt; xÞ – see Eq. (17a)

hn harmonic of rank n of hyðyÞ

�hh global heat transfer coefficient

p Laplace parameter

q heating power surface density

t time

Dt acquisition time step of the camera

u integration (dumb) variable in time

w heating power volume density

x; y; z coordinates in the three directions of the foil

Dy vertical space step of the thermographic frame

Greek symbols

H absolute temperature (in Kelvin)

H0 initial absolute temperature

Hm absolute film temperature ð¼ ðH þ H0Þ=2Þ
an nth eigenvalue ð¼ np=HÞ
bi net power surface density entering the foil at

time ti
b column vector of the bis
d thickness of the air thermal boundary layer

d0n Kronecker Symbol

e emissivity

/n nth harmonic of the cosine transform of the

wall heat flux density at time t

/n column vector of the /nðtiÞs (for a fixed n)

/ column vector of the /ns at a given time

u wall heat flux density

uz average wall heat flux density in the width (z)

direction

uxz average wall heat flux density in the height (x)

and width (z) directions ð¼ �uuÞ
�uu same definition as uxz
u0 constant flux density

k conductivity in the foil’s plane

kx; ky;kz conductivities in the three directions of the

foil

kair conductivity of air

mair kinematic viscosity of air

q mass density of the foil

qe electric resistivity of the foil

sc characteristic conduction time of the foil

ð¼ e2=aÞ
s1 characteristic convection time of the foil

ð¼ qce=�hh1Þ
hn nth harmonic of the cosine transform of the

wall temperature Txz at time t

hn column vector of the hnðtiÞs (for a fixed n)

r standard deviation of the temperature noise

�rr Stefan Boltzmann’ s constant

Subscripts

conv convective

exp experimental

i relative to time ti
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Zender-Mach interferometer. In these experiments the

first regime (pure conduction in water) lasted about 30 s.

The asymptotic analytic solutions for more general types

of thermal excitations (conduction regime) were derived

later on by Menold and Kwan-Tzu [3] and Schetz and

Eichhorn [4]. Goldstein and Briggs [5] studied the tran-

sient regime for both vertical plates and cylinders (step

temperature change).

Gebhart [6–8] investigated the same kind of situa-

tions but paid a particular attention to the thermal

capacity effect of the wall. He extended the classical

assumption of self similar temperature and velocity dis-

tributions of the steady state boundary layer to the

transient regime [6,7]. He published experimental results

for transient heating of a vertical metal foil in air –

Gebhart and Adams [8] – and for corresponding heating

and cooling (relaxation regime) of a composite vertical

plate in water – Gebhart [9] and Sammakia et al. [10].

Joshi and Gebhart [11] presented later on a theoretical

and experimental analysis where the transient regime

was caused by a sudden change of thermal dissipation

level in the wall, that is the passing from one steady

natural convection regime to a new one (vertical plate

in water). A detailed study of the flow and temperature

field was presented.

According to our knowledge, all the reported exper-

iments for the measurements of the transfer coefficient in

transient natural convection over a vertical flat plate [2]

are related to water. The corresponding Gebhart’s ex-

periments for air [8] are not analysed in terms of flux

dissipation or in terms of a transient h coefficient.

We have decided here to measure the time variation

of this coefficient in air by infrared thermography, as-

sociated with an inverse analysis, to take into account

the thermal presence of the foil where heat is dissipated

by Joule effect. This kind of inversion will be imple-

mented without any particular assumption on the type

of flow induced by this heating. Another aspect that will

be investigated is the possibility to increase the rate of

flow by different kinds of uniform transient heating of

the wall.

Section 2 will present the experimental setup. The

direct model will be derived in Section 3 and two types

of inversion procedures will be considered in Section 4.

The three classical coupling models between wall and

fluid (first ‘conduction’ phase) will be recalled in Section

5, while simulated data will be used to assess our in-

version procedure in Section 6. The experimental results

will be presented and analysed in Section 7.

2. Experimental setup

A sketch that gives the main characteristics of the

setup is shown in Fig. 1. A graphite foil of thickness

2e ¼ 0:1 mm, height H ¼ 100 mm and width 2L ¼

lw long wave

max maximum value

min minimum value

n relative to harmonic number n

sw short wave

1 steady state value (long times)

Superscripts

� normalized value

o relative to a blackbody surface

) average value over the foil’s surface
~CC Laplace transform of C, for C ¼ T ; q;u
ĈC estimated value of C, for C ¼ s1; �uu; �hh; . . .

Fig. 1. Experimental setup.
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400 mm, is held tight vertically thanks to four copper

bars of rectangular cross sections E � D ¼ 1 mm�
10 mm. The horizontal plane solid surface of the bench

is located about 25 cm below the lower edge of the

foil.

This foil can be electrically heated, by Joule effect in

its volume (electric resistivity qe ¼ 1300 lX cm). Once

the switch closed, the copper bars are connected to a 12

V electric battery. They allow a uniform distribution of

the electric potential in the vertical direction in the foil.

The electrical power dissipated in the foil is monitored

by a numerical oscilloscope. An infrared camera is set in

front of one face of the foil. It allows to record the

thermal field and, under some assumptions, the surface

temperature of one of its faces.

3. Direct model and simulation

3.1. Direct model

One assumes that, once the heating starts, the two

faces of the foil behave the same way, which means that

no flux flows through the vertical plane of symmetry

y ¼ 0 (see Fig. 2). One also assumes a similar thermal

boundary condition for the other vertical plane of sym-

metry (z ¼ 0) normal to the foil’s plane. Because of

these assumptions, only a quarter of the foil needs to be

considered. The heat diffusion problem in this coordi-

nate system can by written:

kx
o2T
ox2

þ ky
o2T
oy2

þ kz
o2T
oz2

þ wðtÞ ¼ qc
oT
ot

; ð1aÞ

�ky
oT
oy

¼ 0 at y ¼ 0; ð1bÞ

�ky
oT
oy

¼ uðx; z; tÞ at y ¼ e; ð1cÞ

�kx
oT
ox

¼ 0 at x ¼ 0 and x ¼ H ; ð1dÞ

�kz
oT
oz

¼ 0 at z ¼ 0 and z ¼ L; ð1eÞ

T ¼ 0 for t ¼ 0; ð1fÞ

where wðtÞ designates the heating power density

(W m�3), kx; ky , and kz the graphite conductivities in the

three directions, qc its volumetric heat, and uðx; z; tÞ the
total local heat flux density of the heat losses (natural

convection and radiation) on the front face. We have

assumed here that the system is at thermal equilibrium

before heating starts at t ¼ 0 (this is taken as the refer-

ence temperature). Problem (1a)–(1h) can be integrated

in the thickness (y) direction, as well as in the horizontal

(z) direction:

Tyðx; z; tÞ ¼
1

e

Z e

0

T ðx; y; z; tÞ dy; ð1gÞ

Tyzðx; tÞ ¼
1

L

Z L

0

Tyðx; z; tÞ dz;

uzðx; tÞ ¼
1

L

Z L

0

uðx; z; tÞ dz;
ð1hÞ

which gives

o2Tyz
ox2

þ qðtÞ � uzðx; tÞ
ke

¼ 1

a
oTyz
ot

ð2aÞ

with

oTyz
ox

¼ 0 at x ¼ 0 and x ¼ H ; ð2bÞ

Tyz ¼ 0 for t ¼ 0; ð2cÞ

where k ¼ kx ¼ kz is the conductivity of graphite in the

foil’s plane (it is assumed to be isotropic in this plane

because of the manufacturing process). a ¼ k=qc is its in-
plane diffusivity and qðtÞ ¼ e w ðtÞ is the heating power

density on a unit surface basis.

In practice, in order to take into account the possible

z component flux at the foil/copper bar interface, inte-

gration (1f) can be implemented on a width L0 smaller

than the L width – see Fig. 2.

Problem (2a)–(2c) can be finally integrated in the

vertical (x) direction, where we get a lumped-body

model

dTxyz
dt

¼ qc
e
½qðtÞ � uxzðtÞ� ð3aÞ

with

Txyz ¼ 0 for t ¼ 0 ð3bÞFig. 2. System of coordinates.
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and

TxyzðtÞ ¼
Z H

0

Tyzðx; tÞ dx and

uxzðtÞ ¼
1

H

Z H

0

uzðx; tÞ dx: ð3cÞ

Under steady state conditions, near ambient tem-

perature, the global exchange coefficient h, associated

with the heat loss flux uxz, has a value of the order of

10 W m�2 K�1 for air. If we take into account the high

conductivity ðky ¼ 120 W m�1 K�1Þ of graphite and its

volumetric heat capacity ðqc ¼ 7:12� 105 J m�3 K�1Þ,
one finds:

• a Biot number

Bi ¼ he
k
� 4:2� 10�6 
 1;

• a characteristic conduction time in the thickness di-

rection

sc ¼
e2

a
� 15 ls:

This shows that, at any location (x; z) the graphite foil

can be considered as having a uniform temperature in its

thickness, for both steady state and transient regimes

(for t > sc). This means that the Ty average temperature –

see Eq. (1g) – is the same as the surface temperature T

(at y ¼ e). This temperature can be measured by the

infrared camera in a non-intrusive way. Both systems

(2a)–(2c) and (3a)–(3c) can be solved analytically.

Solution of system (2a)–(2c): An integral transfor-

mation of Eq. (2a), using the x-direction eigenfunctions

cos ðanxÞ yields

dhn
dt

þ aa2
n hn ¼

1

qce
ðd0n H qðtÞ � /nðtÞÞ; ð4aÞ

where hn and /n are the transforms of the surface tem-

perature and of the heat loss flux density, respectively:

hnðtÞ ¼
Z H

0

Tyzðx; tÞ cos ðanxÞ dx;

/nðtÞ ¼
Z H

0

uzðx; tÞ cos ðanxÞdx ð4bÞ

with

an ¼
np
H

for n ¼ 0; 1; 2 . . .

and d0n the Kronecker symbol.

Integration of Eq. (4a) for each harmonic provides

the surface temperature T variation with x and t (this

temperature will be expressed without its subscripts y

and z now on):

T ðx; tÞ ¼ Tyzðx; tÞ

¼ 1

H
h0ðtÞ
 

þ 2
X1
n¼1

hnðtÞ cos ðanxÞ
!

ð4cÞ

with

h0ðtÞ ¼
1

qce

Z t

0

ðH qðuÞ � /0ðuÞÞ du; ð4dÞ

hnðtÞ ¼ � 1

qce

Z t

0

/nðuÞ expð�aanðt � uÞÞ du

for n � 1: ð4eÞ

Solution of system (3a)–(3c): If one notices that the

fundamental term h0ðtÞ is equal, by definition, toHTxyzðtÞ –
see Eq. (4b) – the solution of system (3a)–(3c) is

�TT ðtÞ ¼ TxyzðtÞ ¼
1

qce

Z t

0

ðqðuÞ � �uuðuÞÞdu; ð5Þ

where �uuðtÞ and �TT ðtÞ stand for the average values of the

heat loss flux density and of the temperature over the

vertical [0 H ] interval.

4. Inversion procedure

4.1. Thermographic signal and temperature variation

When aiming at a (x; z) spot of a radiatively black

surface the infrared camera we use (AGEMA 782 short

wave) delivers a tension signal of the form

V �ðHÞ ¼ A
eB=H � 1

; ð6aÞ

where A and B are two calibration constants and where

H ¼ T ðx; z; tÞ þ Hðx; z; t ¼ 0Þ ð6bÞ

is the absolute temperature (in Kelvin) at this location.

If the same surface is opaque but not black, this tension

becomes

V ðx; z; tÞ ¼ eswðx; zÞV �ðHÞ þ ð1� eswðx; zÞÞKswEsw; ð6cÞ

where esw designates the local surface emissivity in the

½3:5–5:6 lm� (short wave) spectral detection band of the

camera and in the surface – camera direction. Esw is

the ambient radiation incident on the scanned surface in

the same spectral interval and Ksw a calibration constant

that takes into account the linear radiative flux/tension

response of the camera.

In practical experiments, when starting an experi-

ment from thermal equilibrium, the reflected (steady

state) term in Eq. (6c) has not to be known if only the

increase of tension is used:
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DV ¼ V ðx; z; tÞ � V ðx; z; 0Þ
¼ eswðx; zÞðV �ðHÞ � V �ðH0ÞÞ ð6dÞ

with

H0 ¼ Hðx; z; 0Þ:

The DV ðx; z; tÞ signal, averaged over a horizontal width

2L0 < 2L where transfer can be assumed as 1D in the

vertical x direction, will be used to estimate the instan-

taneous heat transfer coefficient. Either a local (h) or a

global ð�hhÞ transfer coefficient that includes natural con-

vection and linearized radiation to the surrounding en-

vironment, will be looked for:

hðx; tÞ ¼ uðx; tÞ=T ðx; tÞ; ð7aÞ
�hhðtÞ ¼ �uuðtÞ=�TT ðtÞ; ð7bÞ

where the bar over the h, u and T quantities designate

averages over the vertical dimension x of the foil (x

varying from 0 to H). We assume here that the air

temperature remains constant and equal to the initial

temperature of the slab (this is the zero level for T). Two

different estimation techniques will be described next for

the calculation of the transfer coefficient starting from

the infrared camera measurements.

4.2. First estimation technique: normalized signal

4.2.1. Normalized signal and its model

When the foil emissivity esw is not known, it is

not possible to invert Eq. (6d) to get an experimental

value of temperature T, solution of Eqs. (4a)–(4e) – 1D

model – or of Eq. (5) – lumped body model.

First the local DV signal that has been averaged over

the horizontal direction – see Eq. (6d) – is linearized with

respect to temperature H

DV ðx; tÞ ¼ eswK1ðHðx; tÞ � Hðx; 0ÞÞ ¼ eswK1T ðx; tÞ: ð8aÞ

This is possible if we assume that emissivity esw is uni-

form over the foil surface and if the temperature increase

at each location is not too high (lower than 15 �C) in
practice), that is for moderate heating of the foil.

K1ð¼ dV �=dHÞ is the derivative of the calibration law

(6a), at near ambient temperature.

Integration of Eq. (8a) over the vertical (x) direction,

gives rise to an average tension variation

D�VV ðtÞ ¼ eswK1
�TT ðtÞ: ð8bÞ

In purely transient experiments the qðtÞ excitation

reaches a steady level q1 after some time, which means

that all local or global quantities reach an asymptotic

constant level for long times. If a ‘1’ subscript is used

for these asymptotic quantities, the long times average

temperature variation (8b) becomes

D�VV1 ¼ eswK1
�TT1: ð8cÞ

This value will be used to normalize the local (8a) or

average signal (8b), and consequently to make the

emissivity disappear:

V �ðx; tÞ ¼ DV ðx; tÞ=D�VV1 ¼ T ðx; tÞ=�TT1 ¼ T �ðx; tÞ; ð9aÞ
�VV �ðtÞ ¼ D�VV ðtÞ=D�VV1 ¼ �TT ðtÞ=�TT1 ¼ �TT �ðtÞ; ð9bÞ

where T � or �TT � is the local or average normalized tem-

perature. The local normalized temperature can be cal-

culated using a Fourier finite cosine transformation – see

Eqs. (4a)–(4e):

T �ðx; tÞ ¼ 1

H
h�
0ðtÞ

 
þ 2

X1
n¼1

h�
nðtÞ cos ðanxÞ

!
ð10aÞ

with

h�
0ðtÞ ¼

h0ðtÞ
�TT1

¼ H
s1

Z t

0

ðq�ðuÞ � /�
0ðuÞÞ du ð10bÞ

and

h�
nðtÞ ¼

hnðtÞ
�TT1

¼ � H
s1

Z t

0

/�
nðuÞ expð�a2

nðt� uÞÞ du; ð10cÞ

where

q�ðtÞ ¼ qðtÞ=q1; /�
nðtÞ ¼

/nðtÞ
/0ð1Þ ¼

/nðtÞ
Hq1

ð10dÞ

and where s1ð¼ qce=�hh1Þ is the characteristic time of

the foil, related to the steady state asymptotic global

heat transfer coefficient �hh1.

The derivation of Eqs. (10b) and (10d) has used the

following properties of the steady state regime

q1 ¼ �uu1 ¼ �hh1�TT1 ¼ /0ð1Þ=H : ð10eÞ

In a very similar way the average normalized tempera-

ture derives directly from the lumped body model – Eq.

(5)

�TT �ðtÞ ¼ 1

s1

Z t

0

ðq�ðuÞ � �uu�ðuÞÞdu; ð11aÞ

where

�uu�ðtÞ ¼ �uuðtÞ=u1 ¼ /�
0ðtÞ: ð11bÞ

One can notice that the lumped body model (11a) cor-

responds, within the H factor, to the zero harmonic of

the 1D model (10b).

4.2.2. Estimation of the time constant

We assume here that, for long enough times after the

start of heating of the foil with a constant power, the

instantaneous global heat transfer coefficient defined by

Eq. (7b) reaches its asymptotic value �hh1, while the av-

erage wall flux density and temperature are still varying.

This assumption is valid in the case of small temperature

differences between a wall and a surrounding fluid en-
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vironment: a constant steady state heat transfer coeffi-

cient can be used for such ‘soft’ transient problems

(quasi steady state approximation). The preceding time

constant s1 corresponds to this asymptotic steady state

coefficient �hh1.
As soon as this regime takes place (constant trans-

fer coefficient after a time tmin), the lumped body heat

equation becomes

d�TT
dt

þ
�hh1
qce

�TT ¼ qðtÞ
qce

: ð12aÞ

Its normalized solution is

�TT �ðtÞ ¼ �TT �ðtminÞ expð�t=s1Þ þ 1

s1

Z t

tmin

q�ðuÞ

� expð�ðt � uÞ=s1Þ du: ð12bÞ

In the case where q�ðtÞ ¼ 1 (real Heaviside excitation),

this solution becomes

�TT �ðtÞ ¼ �TT �ðtminÞ expð�t=s1Þ þ 1� expð�ðt � tminÞ=s1Þ:
ð12cÞ

If tmax is the time when measurements stop, it is possible

to find an estimate ŝs1 (tmin) of the time constant s1 for a

given value of tmin through a least square model applied

to the measurements and to model (12c) on the ½tmin tmax�
interval. The least square sum can be plotted versus tmin.

The optimum estimate ŝs1 corresponds to the minimum

of this residuals curve. The steady state global heat

transfer coefficient can be estimated then: �̂hh�hh1 ¼ ŝs1=qce.

4.2.3. Estimation of the heat transfer coefficient

Estimation of the heat transfer coefficient requires

the estimation of the normalized heat flux starting from

the normalized signal (10a) or (11a). This can be done

for the average model where Eq. (11a) can be discret-

ized:

�TT � ¼

�TT �ðt1Þ
�TT �ðt2Þ

..

.

�TT �ðtimax
Þ

2
6664

3
7775

¼ Dt
s1

1 0 � � � 0
1 1 0 � � � 0

1 1 . .
. ..

.

1 1 � � � 1

2
664

3
775

b1

b2

..

.

bimax

2
6664

3
7775 ¼ X0b ð13aÞ

with

bi ¼ q�ðtiÞ � �uu�ðtiÞ; 16 i6 imax and ti ¼ iDt; ð13bÞ

where Dt is the acquisition time step. Since this problem

is linear an ordinary least square estimation can be used

b̂b ¼ ðX t
0X0Þ�1

X0
�VV� ¼ X�1

0
�VV�; ð13cÞ

where �VV� is the vector of the normalized average tension

differences produced by the camera – see Eq. (9b). The

measurement, at the same times, of the electrical power

allows the calculation of q�ðtÞ and produces therefore

an estimation of the average normalized wall heat flux

components �uu�ðtiÞ at times ti. The global heat transfer

coefficient can be estimated at the same time

�̂hh�hhðtiÞ ¼ �̂hh�hh1 �̂uu�uu�ðtiÞ=h�VV �ii with

h�VV �ii ¼
1

2
ð�VV �
i�1 þ �VV �

i Þ: ð13dÞ

The local heat transfer coefficient can be estimated

thanks to the estimation of the local normalized heat

flux. This can be calculated starting from an estimation

of its harmonics /�
n – see Eqs. (10b) and (10c). For the

zeroth harmonics, one has

/̂/�
0ðtiÞ ¼ �̂uu�uu�ðtiÞ: ð14aÞ

The harmonics /�
nðtÞ are estimated thanks to Eq. (10c)

that can be discretized the same way as Eq. (13a)

h�
n ¼ Xn/

�
n: ð14bÞ

A least square method is used for inverting Eq. (14b)

/̂/�
n ¼ ðX tnXÞ�1

n X tnh
�
n exp ¼ X�1

n h�
n exp; ð14cÞ

where the experimental values h�
n expðtiÞ of the harmonic

of the normalized temperature at time ti is evaluated

through a numerical quadrature (in space) of the nor-

malized local signal – see Eq. (4b)

h�
n expðtiÞ ¼

Xkmax

k¼1

hV �iki cos ðanxkÞDx with

hV �iki ¼
1

2
ðV �ðxk ; ti�1Þ þ V �ðxk ; tiÞÞ; ð14dÞ

where Dx is the vertical space step and xk the vertical

position of the kth line of the thermographic frame.

Reconstruction of the local normalized flux density

u�ðx; tÞ is implemented through Fourier cosine inversion

of the normalized harmonics /̂/�
nðtÞ and the local heat

transfer coefficient hðx; tÞ is estimated using the same

form as Eq. (13d), but on a local basis.

4.3. Second estimation technique: absolute signal

If the foil emissivity esw is known, no linearization

nor normalization is required any more since inversion

of Eq. (6d) provides the local temperature H. The av-

erage temperature �TT ðtÞ or of the local temperature T ðx; tÞ
can therefore be measured. Estimation of �uuðtÞ and of

uðx; tÞ are implemented the same way as in Section 4.2,

which allows an estimation of the global and local

coefficients:
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�̂hh�hhðtiÞ ¼
2 �̂uu�uuðtiÞ

�TT ðtiÞ þ �TT ðti�1Þ
ð15aÞ

ĥhðxk ; tiÞ ¼
2ûuðxk ; tiÞ

T ðxk ; tiÞ þ T ðxk ; ti�1Þ
: ð15bÞ

This technique does not limit the level of heating since

no linearization is used anymore. If the emissivity elw of

the foil in the 10 lm wavelength band (long wave of the

ambient emission) is known, it is possible to estimate the

convective component hconv of the heat transfer coeffi-

cient, using a linearization of its radiative contribution

with respect to the difference of temperature between the

foil and the surrounding environment

�̂hh�hhconvðtÞ ¼ �̂hh�hhðtÞ � 4elwH3
m�rr�TT ðtÞ with

Hm ¼ 1

2
ðH0 þ �HHðtÞÞ ffi H0: ð15cÞ

5. Reference conductive model

If one heats a wall in a transient way, starting from

thermal equilibrium, the surrounding air layer acts,

for very short times, as a semi-infinite medium where

heat is transferred by conduction only. In this phase the

mechanical inertia of the air layers in the neighbourhood

of the wall prevents any instantaneous start of natural

convection, which means that heat conduction is the

dominant mode of heat transfer. The following rela-

tionship can be established [12] between wall tempera-

ture and wall flux density of a semi-infinite medium in

1D transient conduction

~TT ðpÞ ¼ 1

bair
ffiffiffi
p

p ~uuðpÞ; ð16aÞ

where the upper tilda stands for the Laplace transform:
~TT ðpÞ and ~uuðpÞ are the Laplace transforms of the wall

temperature T ðtÞ and of the wall flux density uðtÞ, re-
spectively, p being the Laplace parameter and bair the

thermal effusivity of air. Three limiting cases can be

considered:

5.1. Uniform step of wall temperature

In that case the temperature of the wall is brought

instantaneously to a constant level

T ðtÞ ¼ 0 for t < 0
T ðtÞ ¼ T0 for tP 0

�
) ~TT ðpÞ ¼ 1

p
T0: ð16bÞ

Eq. (16a) can be inverted and the heat transfer coeffi-

cient can be calculated

uðtÞ ¼ bairffiffiffiffiffi
pt

p T0 ¼ hðtÞT0 ) hðtÞ ¼ bairffiffiffiffiffi
p t

p : ð16cÞ

5.2. Uniform step in heat flux density

In that case the wall heat flux density level is brought

instantaneously to a constant level

uðtÞ ¼ u0 for tP 0
uðtÞ ¼ 0 for t < 0

�
) ~uuðpÞ ¼ 1

p
u0: ð16dÞ

Eq. (16a) can be inverted and the heat transfer coeffi-

cient can be calculated

T ðtÞ ¼ 2
ffiffi
t

pffiffiffi
p

p
bair

u0 ¼
1

hðtÞu0 ) hðtÞ ¼ bair
ffiffiffi
p

p

2
ffiffi
t

p : ð16eÞ

5.3. Capacitive coupling with the solid wall

In the type of experiment we are interested in, the

wall heat flux uðtÞ differs from the excitation by Joule

effect qðtÞ. This is common to all physical transfer situ-

ations where there is a coupling between solid wall and

air layer heat transfers – see [7] for example. The simple

lumped body heat balance, already written in Eq. (4a)

for n ¼ 0, can be transformed into the Laplace domain,

which yields

qcep ~TT ðpÞ ¼ ~qqðpÞ � ~uuðpÞ: ð16fÞ

The coupling between the two media – Eqs. (16a) and

(16f) – can be represented by the capacity/impedance

network [12] shown in Fig. 3. It allows the calculation of

Laplace transforms of wall temperature and flux. These

transforms can be analytically inverted [13], which yields

the time variation of the heat transfer coefficient:

hðtÞ ¼ qceK2 1� expðK2tÞ erfcðK
ffiffi
t

p
Þ

2K
ffi
t

pffiffi
p

p � ð1� expðK2tÞ erfcðK
ffiffi
t

p
ÞÞ

ð16gÞ

with

K ¼ bair
qce

:

This shows that in this situation the transient ‘‘conduc-

tive’’ heat transfer coefficient is not an intrinsic property

Fig. 3. Coupled capacitive model – impedance network.
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of the fluid since it depends on the capacity (per unit

area) of the wall qce. The transfer coefficient variation

with time, of the three conductive models (16c) –

constant temperature (a) – (16e) – constant flux (b) – and

(16g) – coupled model (c) – are plotted in Fig. 4 (log–log

scales). It is interesting to notice that the coupled model

does not lie in between the two preceding ‘‘classical’’

models as a too rapid first guess should have been.

6. Simulation results

In order to be confident in the results of an experi-

mental estimation, it is very important to test the in-

version algorithm on simulated data [14].

The test function, for the variation of the local heat

transfer coefficient, was chosen as

hðx; tÞ ¼ �hh1



þ bair

ffiffiffi
p

p

2
ffiffi
t

p
�
3

4

x
H

� ��1=4

¼ htðtÞhxðxÞ: ð17aÞ

The first factor, htðtÞ, corresponds to the sum of a con-

stant flux conductive transfer in air, see Eq. (16e), valid

for short times, and of the usual steady state global

heat transfer coefficient, valid for long times ð�hh1 ¼
6 W m�2K�1; bair ¼ 5:6 S:I:Þ. The second factor, hxðxÞ,
corresponds to the laminar natural convection heat

transfer coefficient x-distribution along a vertical flat

plate (local Nusselt number varying as the Grashof

number at the 1=4 power). It has been normalized to

get a unit integral on the plate height H. In order

to solve the direct problem, the truncated spectrum

/ ¼ ½/0/1 � � � � � �/N �
t
of the heat losses – see Eq. (4b) has

to be expressed in terms of the temperature spectrum

h ¼ ½h0h1 � � � � � � hN �t and of the spectrum of the heat

transfer coefficient (17a). The harmonics of hx can be

calculated by a numerical summation of the following

integral, discretized over the pixel height Dx

hn ¼
Z h

0

hxðxÞ cos ðanxÞ dx

ffi H 1=4
Xkmax

k¼1

xk


"
þ Dx

2

�3=4

� xk



� Dx

2

�3=4
#

� cos ðanxkÞDx: ð17bÞ

The resulting expression is

/ðtÞ ¼ htðtÞM hðtÞ; ð17cÞ

where M is a ðN þ 1ÞxðN þ 1Þ square convolution ma-

trix – see [12, Section 6.2] – whose coefficients depend on

the harmonics hn of the space part hx of h – see Eq. (17d).

Eq. (4a) becomes then

dh

dt
¼ � A



þ htðtÞ

qce
M
�

h þ SðtÞ; ð17dÞ

where A is a diagonal matrix and S a vector with

Anq ¼ aandnq; SnðtÞ ¼ d0n
H
qce
qðtÞ: ð17eÞ

System (17d) is solved by a Runge–Kutta method

and the T (x, t) field is reconstructed using Eq. (4c).

An additive gaussian noise, of r ¼ 0:1 �C standard

deviation, is added to the temperature. The corre-

sponding temperature distributions, for three different

locations and for the average temperature, are plotted

in Fig. 5(a) (for a step excitation qðtÞ ¼ 120 W m�2).

Inversion of these simulated data is implemented ac-

cording to the first estimation method described in

Section 4.2.

The estimated global transfer coefficient variation

with time is plotted in Fig. 5(b). It is very close to the

exact curve, even if a slight bias can be noticed for long

times (not visible in this curve, but appearing for longer

times): it is caused by the normalization that cannot be

done with asymptotic values but with values at the end

of the recording (one has used here �TT �ðtÞ ¼ �TTexpðtÞ=
�TTexpðt ¼ 55 sÞ; �TTexp being the experimental simulated

data). This result in a estimated time constant ŝs1ð¼
5:40 sÞ slightly lower than its exact value s1ð¼ 5:47 sÞ.
One can notice that no regularization method has been

needed to get the estimated values �̂uu�uuðtÞ and �̂hh�hhðtÞ of the

two functions: this is due to the fact that, in the y

direction, the inverse problem is well posed since uðtÞ
is estimated at the same location as the place where the

data (temperatures) are measured.

Since the hxðxÞ space distribution, even filtered by the

local averaging of the Fourier series expansion – see Eq.

(17b) – has a spectrum characterized by a high content

in high frequency components, calculation of the har-

monics of high order of the experimental signal – Eq.

(14d) – cannot be done with a good enough precision

(with this signal over noise ratio of 200) to reconstruct

the heat loss flux if noise is present in the simulated data.

This effect is shown in Fig. 5(c).

Fig. 4. Three conductive models for the global heat transfer

coefficient (bair ¼ 5:6 J m�2 K�1 s�1=2 – K ¼ 0:1573 s�1=2).
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Only a space regularizationwould allow to reconstruct

the shape of the h distribution in the lower part of the

wall, because of the infinite level of this coefficient and of

its derivative at the stagnation point y ¼ 0. In order to get

a realistic reconstruction of this distribution, the regu-

larization technique would require a a priori information

on its shape, which is not what is looked for here.

7. Experimental results

Four experiments, numbered 1–4 have been made

with a heating power q of 120 W m�2. They correspond

to two different acquisition periods Dt of the camera and

to two different states for the surface of the foil – see

Table 1.

Fig. 5. (a) Simulated temperatures starting from a given h function – hðx; tÞ ¼ htðtÞhxðxÞ – and a given step heat stimulation with

q ¼ 120 W m�2, noised by an additive random noise of standard deviation r ¼ 0:1 �C. (b) Estimated global heat transfer coefficient
�hhðtÞ, starting from simulated experiments. (c) Estimated local wall heat flux density uðx; tÞ, at time t ¼ 20 s, starting from simulated

experiments.

Table 1

Heating experiments with a 120 W m�2 Joule dissipation

Experiment Dt (ms) Surface state ŝs1 ðsÞ �̂hh�hh1 ðW m�2 K�1Þ
1 160 Uncleaned 5.2 6.7

2 40 Uncleaned 5.0 7.0

3 160 Cleaned 5.2 6.8

4 40 Cleaned 5.2 6.8

3422 G. Maranzana et al. / International Journal of Heat and Mass Transfer 45 (2002) 3413–3427



It has been noticed that, without a cleaning of the

foil’s surface, the thermal signal did not appear uniform

on a horizontal line. This can be caused by the pres-

ence of surface contaminants (grease. . .) that yield a

non-uniform emissivity. So experiments with an acetone

cleaned surface have also been made.

7.1. First estimation technique

The first estimation technique (normalized signal) has

been implemented. The normalized experimental ther-

mograms are shown in Fig. 6 and the corresponding

estimated time constants and asymptotic �hh1 values are

given in Table 1. The short acquisition period experi-

ments (numbered 2 and 4) yield the lowest residuals (of

the order of 2/1000 of the asymptotic T � ¼ 1 normalized

signal). A recording of the measured power (for q1 ¼
1228 W m�2) is shown in Fig. 7(a). Because of the

temperature dependent electrical resistivity of the graph-

ite foil, one can notice a 3% power decrease between the

start of the heating and the quasi-steady state regime.

Even if the stimulation does not constitute a rigourous

step heating, this effect is taken into account by the

model (12b). The normalized power q�ðtÞ is shown in

Fig. 7(b) for the four experiments while the estimated

reduced wall flux density �uu�ðtÞ and the corresponding

global heat exchange coefficient �hhðtÞ are given in Figs.

8(a) and (b). It is important to notice that the steady

state wall heat flux is reached only 15 s after heating has

started and that the h coefficient requires about 3 or 4 s

to get a constant value.

7.2. Second estimation technique

The normalized signal technique is characterized by

an experimental bias: as time goes on, the two lateral

copper bars behave as heat sinks that contribute to evac-

uate heat from the central portion of the foil. It therefore

adds a second time constant, linked to their inertia, to

the experimental signal, and the long time constant as-

ymptotic temperature level is not reached, even after a

time equal to 10 s1. This long times bias affects also the

short time estimated h values because of the normal-

ization. Another bias linked to this technique is caused

by the linearity assumption (signal versus temperature).

The temperature rise related to experiments 1–4 is of the

order of 15 �C which is a upper limit for this assumption.

In order to get rid of these limitations the hemispheric

spectral emissivity of the foil has been measured and its

value in the two interesting spectral bands are given in

Table 2.
Fig. 6. Experimental normalized thermograms �TT �ðtÞ ¼ �VV �ðtÞ,
for experiments 1–4.

(a) (b)

Fig. 7. (a) Variation with time of the power w(t) dissipated in the foil. (b) Variation with time of the normalized power �qq�ðtÞ, for
experiments 1–4.
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The estimated hðtÞ variations, calculated by the two

techniques are compared in Fig. 9 for experiment 2. The

second technique (absolute signal) yields higher �hh values
that are not affected by the copper bar bias at short

times.

7.3. Effect of the level of the stimulation

Because of the sharp decrease of the estimated coef-

ficient for the early times, it is interesting to plot its

variation in a log–log scale. The estimated �hh values –

representing natural convection alone, see Eq. (15c) – for

experiment 2, are plotted in Fig. 10 (second estima-

tion technique). They correspond to a heating level

q1 ¼ 120 W m�2 that is related to a Rayleigh number

(based on the foil’s height H) Ra ¼ 4:3� 107. Two as-

ymptotic stages can be distinguished: a quasi linear de-

crease for short times and a constant level for long times.

The slope of the linear part is equal to )0.89. This value
has a low precision, since it is obtained by a least square

Fig. 8. (a) Estimated normalized average wall heat flux density �uu�ðtÞ, for experiments 1–4. (b) Estimated global heat transfer coefficient
�hhðtÞ, for experiments 1–4.

Table 2

Hemispheric emissivity of the graphite foil

Foil esw ½3:5–5:6 lm� elw ½10 lm�
Uncleaned 0.60 0.57

Cleaned 0.59 0.55

Fig. 10. Estimation of the global convective transfer coefficient
�hhconvðtÞ – for two levels of step heating q ¼ 120 W m�2 (ex-

periment 2) and q ¼ 1500 W m�2 (experiment 5) – and the three

reference conductive models.

Fig. 9. Comparison of the global heat transfer coefficient esti-

mated by the two different estimation techniques, for experi-

ment 2.
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technique and is associated to the high dispersion of the

first estimates obtained at short times. In order to get a

better signal over noise ratio, experiment 5 (Dt ¼ 40 ms,

cleaned foil) has been implemented with a higher value

of the solicitation (q1 ¼ 1500 W m�2 � Ra ¼ 5:4� 108).

The corresponding points are plotted in Fig. 10. The

estimated �hh values are characterized by a lower disper-

sion and a short times slope of )1.03 can be estimated. It

is important to underline that the two estimated slopes

for experiments 2 and 5 depart very much from the )0.5
slope associated with the three conductive models also

shown in the same figure. The orders of magnitudes are

also clearly different: the conductive regime cannot be

observed in the scale of time that has been considered by

our transient experiment (tP 40 ms).

This observation means that, for short times, tran-

sient natural convection cannot be explained by heat

conduction in the semi-infinite static air. This result has

not been met for water where Goldstein and Eckert [2]

produced clear results of an early uniform h variation

respecting Eq. (16e) – step wall heat flux. These authors

produced also, in the same article, qualitative experi-

mental results (interferograms) of the same experiment

in air: these interferograms clearly show that heat

transfer is one-directional during about 1 s after heating

has started. They did not produce quantitative results

for h during this first phase.

Our results tend to show that another phenomenon,

different from simple conduction, takes place during this

phase. Zappoli et al. [15] have studied numerically the

response of a very compressible, low diffusivity, super-

critical fluid under zero gravity. They have shown that

acoustic effects could lead to a transformation of ther-

mal energy into kinetic energy in a hot expanding

boundary layer (the piston), which in turn is trans-

formed in the bulk into internal energy. This resulted in

very important heat transport, completed after about

1% of the diffusion time. In our experiments the diffu-

sion time (based on the thickness of the steady state

boundary layer d ¼ 5 mm) is of the order of 1 s ðd2=aairÞ.
Even if the other conditions are different, one may sus-

pect a mechanism of this type, involving the compress-

ibility of air. Of course this is only a simple assumption

that remains to be validated.

7.4. Relaxation experiments

It has been possible to make relaxation experiments

with our setup: starting from the steady state regime

produced by a constant solicitation q1, the electrical

heating is turned off and the temperature decrease of the

foil is monitored by the infrared camera. The direct

model used is

�TT ðtÞ ¼ �TT ð0Þ � 1

qce

Z t

0

�uuðuÞ du: ð17fÞ

The second technique (absolute signal) is used to esti-

mate the average wall flux density �uuðtÞ and the �hh coef-

ficient is estimated according to Eq. (15a).

Two experiments have been realized with the cleaned

foil and a Dt ¼ 40 ms acquisition period: experiment

6, starting from a high initial temperature �TT ð0Þ and

experiment 7, starting from a low initial temperature.

The variation with time of the measured temperature,

of the estimated wall heat flux and of the global transfer

coefficient (convection and radiation) are shown in Figs.

11(a) and (b). It can be noticed that the heat transfer

Fig. 11. Relaxation experiments, starting from steady state – temperatures �TT ðtÞ, estimated wall heat flux densities �uuðtÞ and estimated

global heat transfer coefficient (convection and radiation) �hhðtÞ: (a) experiment 6 – high initial temperature; (b) experiment 7 – low initial

temperature.
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remains nearly constant in this type of experiment. If

the estimated wall heat flux curves of Figs. 8(a) and

11(b) are compared, one notices that the characteristic

time to get 50% of the maximum flux is 3.5 s (step

heating experiment 2 – Fig. 8) while the corresponding

time to get a 50% decrease of the initial flux is 3.9 s

(relaxation experiment 7 – Fig. 11(b)): the high initial

heat transfer coefficient (step heating) is responsible for

this slight difference. This difference is slight because the

initial heat transfer coefficient is associated with low

temperature differences and therefore to low heat fluxes.

The complete heating and relaxation phase is shown

in Fig. 12 – experiment 8 – where heating is stopped

after about 1.3 s (time corresponding still to the tran-

sient phase of the heat transfer coefficient). One can

notice the instantaneous sharp decrease of the heat ex-

change coefficient: it shows that such a perturbation

in the heating procedure does not enhance the heat

exchange coefficient.

This seems to show that only local perturbations of

the heating mode could maybe increase this coefficient

since global time perturbations (on the whole surface)

cannot bring much enhancement.

8. Conclusion

Transient heat convection in air, produced by step

Joule heating of a very thin vertical graphite foil, has

been studied experimentally. Two different methods of

inversion have been proposed to estimate the local or

global transient heat transfer coefficient, starting from

infrared camera measurements. The first method did not

require the knowledge of the foil’s emissivity but could

produce biased results because of the heat losses to the

holding bars of the setup. The second method required

emissivity measurements but could provide the convec-

tive contribution to the measured transfer coefficient. It

was demonstrated, by simulation, that the level of the

signal over noise ratio of our experiments allows a pre-

cise estimation of the global heat exchange, which is not

the case for the local coefficient. The theoretical varia-

tions with time of the transfer coefficient in the first

phase of heating, where conduction is supposed to be the

principal mode of exchange, were recalled.

Experimental results, with different levels of heating,

show that the early transfer coefficients decrease pro-

portionally to t�1, and not to t�1=2 as the early conduc-

tion theory would anticipate. Other effects than those

already presented in the literature remain to be investi-

gated in order to explain the discrepancy of this theory

for air.

Relaxation experiments, starting either from a steady

or a transient situation, have shown that a transient

mastering in the heating of the wall as a whole (uniform

Joule heating) cannot increase the wall/air exchange.

Only local perturbations might enhance such a heat

exchange.
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